Abstract: In this paper a nonlinear dynamic model has been developed and evaluated experimentally for diauxic growth of Streptococcus pneumoniae on mixed substrates of glucose and beta-glucoside cellobiose. Model parameters are estimated on the basis of real data provided by a set of experiments designed and performed in a microbiology lab. In addition, model sensitivity analysis to parameter variations has been performed with the aim of understanding the biological meaning of parameters. This analysis allowed for reducing the number of significant parameters involved in the model. The resulting model accurately predicts the diauxic behaviour for different initial conditions of cellobiose, with constant glucose initial conditions. The obtained results show that the cellobiose plays the role of inhibitor on bacterial growth. This phenomenon, better appreciated in experimental setups with high cellobiose concentrations, also indicates a possible catabolite repression of cellobiose on glucose at low concentrations.
INTRODUCTION
The Diauxic Growth phenomenon discovered by J. Monod is one of the most classical examples of the optimal nature of microbial regulatory processes (G.N. Cohen (1957) ). When an organism is presented with two substrates of carbon and energy source, it first consumes the substrate which supports a faster growth rate. Only after the faster growth-supporting substrate is virtually exhausted, does it begin to synthesize the enzymes, which belong to PEP-PTS (Phosphoenolpyruvate-Phosphotransferase System), necessary for the utilization of the second substrate, as reported in (Deutscher et al. (2006) ). In this situation, the diauxic organism growth curve presents three phases: the initial exponential phase where the organism uses the preferred carbon source; a second phase named "diauxic lag", where the synthesis of enzymes necessary for transport and utilization of the secondary carbon source is repressed (Deutscher et al. (2006) ): in this phase the organism is not growing. The third phase is the exponential phase where, after the derepression of the operon, the organism uses the secondary carbon source. For most carbon sources and bacteria, it is known that the temporal range of diauxic lag is inversely proportional to the initial concentration of the second carbon source. Nevertheless, experimental tests show that as far as the Streptococcus pneumoniae is concerned, this behaviour is contradicted. In fact, in presence of carbon sources named beta-glucosides, the diauxic lag shows a temporal range proportional to the initial concentration of cellobiose. The main hypothesis formulated for this phenomenon, as illustrated in L. Zeng and Burne (2009) and McKessar and Hakenbeck (2007) , is that cellobiose inhibits the operon that synthetizes the necessary enzymes for its transport and utilization. The study of this peculiar regulation is of interest in the context of a possible impact on environmental sensing of this pathogen within the human host. In this paper, starting from the model introduced in S. D. Kompala and D. Ramkrishna (1986), A. A. Namjoshi and Ramkrishna (2005) and successively used in Donggyun et al. (2006) and Ko et al. (2010) , we introduce a new structure for reaction rates which allows us to capture and reproduce this uncommon behaviour of the diauxic growth. The model matches the data produced by lab experiments very accurately, providing parameter estimates for the reaction rates which can be useful for further biological investigations. Moreover, a sensitivity analysis of the estimated model to its parameters is performed, deriving a simplified model which makes it easier to understand the dependance of the diauxic lag on the parameters identifying the substrate ensuring a faster growth.
The paper is organized as follows. Section 2 introduces the dynamic model of the growth process and the main biological phenomena involved. Section 3 describes the experiments performed and the related data collected, together with the introduction of the cost function to be minimized for model parameter estimation. Section 4 reports the numerical results obtained from the estimation procedure by using the original and modified models, as well as the model sensitivity analysis to different parameters. Section 5 provides a discussion on the obtained results, while concluding remarks are given in Section 6.
DYNAMIC MODEL OF THE DIAUXIC GROWTH
The state variables involved in our dynamic model are:
(1) Biomass component: we denote by c the bacterial concentration (mass per unit volume of culture) present in the media; (2) Enzymes component vector: These enzymes belong to PTS-PEP system. They are treated separately from the biomass variable, since they serve as catalysts for reactions between biomass component and substrate component vector (Deutscher et al. (2006) The assimiliation of substrate s i by biomass component c is assumed to be catalyzed by the set of enzymes e i through the following reaction:
where Y i is the yield coefficient of Monod for the i-th substrate. The key enzyme e i is induced by the presence of s i according to:
where c ′ is the biomass concentration minus the key enzymes. Following the Monod kinetics, the reaction rates for this reaction sequence (r 1 , r 2 for reaction (1), and r E1 , r E2 for reaction (2)) can be written as:
where:
and k si is the Michaelis Menten constant for the i-th substrate, k ei is the Michaelis Menten constant for the production of enzyme e i , V gi is the maximum rate constant for bacterial production c on the i-th substrate and V ei is the maximum rate constant for enzyme's production.
Since multiple substrates are present, the cellular regulatory processes of inhibition/activation and repression/induction affect rate equations (3)-(6). The effect of this regulation is represented by two control variables u i and v i . The variable u i represents the fractional allocation of resource for the synthesis of e i . Through this variable, the model predicts control on inhibition or activation of enzymes production for transport and utilization of substrate s i . The definition of u i according to the matching law (Herrnstein (1961) ) is:
with 0 ≤ u i ≤ 1 and
The reaction rates r E1 , r E2 for the enzymes become r E1 u 1 and r E2 u 2 , respectively.
The variable v i represents the mechanism of controlling enzymes e i activity. The mathematical definition of this variable (S. D. Kompala and D. Ramkrishna (1986) ), is:
By taking into account the control effect of inhibition/activation of enzymes, the reaction rates introduced in (5) and (6) become r 1 v 1 and r 2 v 2 , respectively. Incorporating the effect of dilution of the specific enzyme level due to cell growth, constant protein decay in the cells and bacterial mortality, the state variables model can be written as:
where
,2 are first-order constant protein decay, r * e1
and r * e2 are the basal rates of enzymes synthesis and k m is the constant rate of bacterial mortality.
As we shall see from the numerical identification results reported in Section 4, this model, while reproducing quite accurately the first phase of the bacterial growth, does not succeed in predicting appropriately both the diauxic lag, the maximum bacterial concentration for given initial concentrations of the substrates and the growth rate of the third phase of the growth process. Based on these considerations, the structure of r 22 affecting the reaction rate of the cellobiose in (6) has been changed as follows:
where k i , i = 0, . . . , 3 are parameters to be estimated from the experimental data. Notice that, differently from (8), this expression allows one to account for the inhibition effect of the cellobiose (see Figure 1 showing the functions defined in eqs. (8) and (12)). Actually, the choice of the functional form in (12) follows from experimental observations, indicating that: the diauxic lag increases with increasing initial cellobiose concentration; the bacterial growth rate in the third phase of process ("slowdown phase") decreases smoothly with the cellobiose concentration. 
EXPERIMENT DESCRIPTION AND MODEL ESTIMATION CRITERION
We start by giving a quick description of experiments. Streptococcus pneumoniae type 2 strain DP1004, rough derivative of D39 strain (Iannelli et al. (2004) ), was used in all experiments. For monitoring growth, bacterial cells were resuspended from agar plates in CAT medium as reported in (Iannelli et al. (2004) ), without adding carbohydrate at OD 590 (optical density)= 0.6, and diluted 1:100 into fresh CAT medium with catalase 200 U/µl and 5g/l, 2,5g/l, 1,2g/l and 0,6g/l of cellobiose. Microtiter plates were sealed with gas-permeable sealing membranes (Breathe-Easy, Diversified Biotech, Boston, Ma) and incubated at 37
• C for 18 hours in a thermostatic kinetic microplate reader (VERSAmax, Molecular Devices, Sunnyvale, Ca); the OD 590 was measured every 10 minutes. To evaluate dry weight, cells were grown until exponential phase, measured with microplate reader at 590 nm, centrifuged for 15 min at 6500 rpm and the pellet was dried at 80
• C; dried cells were then weighted (Sartorius BP210S) and resulted to be 0.0735g/l at 0,1 OD. The initial conditions of bacterial concentration c(0), and substrate concentrations s 1 (0), s 2 (0) were specified by the experimental conditions. Numerical values for model parameters whose knowledge is well assessed in previous investigations, were taken from the literature. This is the case for the yield coefficients of Monod Y i , the Michaelis Menten constants k ei , the basal rate of enzymes synthesis r * ei , the first order protein decay constants β i and the enzyme maximum rate constants V ei (A. Narang et al. (1997) ). The remaining model parameters are stacked in a parameter vector denoted by ϑ. The only measured quantity is the bacterial concentration c(t) over the growth period of time, changing from 3 to 6 hours depending on s 2 (0) value. The parameters have been evaluated by minimizing a mean square error cost function defined as follows:
beingĉ i (ϑ) the model output, c i the experimental measurements and N the number of data points relevant to the experiment considered. The algorithm used for estimation is Nelder-Mead algorithm of optimization toolbox in Matlab R2009b, which is basically a nonlinear unconstrained optimization algorithm.
NUMERICAL RESULTS
In this section we report the numerical results of the identification of different models of the diauxic growth. The first model, called M 1 , is the model given by equations (11) with r 22 given by (8); in the second model, called M 2 , r 22 is given by (12); the third model, called M 3 , also uses (12) with k 1 , k 2 and k m set to 0. Estimation of the different models has been carried out for all models on 4 sets of data, characterized by 4 different cellobiose concentrations initial values (s 2 (0) = 5g/l; s 2 (0) = 2.5g/l; s 2 (0) = 1.2g/l; s 2 (0) = 0.6g/l;). In the simulations, the initial condition of glucose concentration was set to s 1 (0) = 0.00018(g/l). Moreover, initial conditions for enzyme concentrations were set to e 1 (0) = 0.0015(mg/gdw), e 2 (0) = 0.00015(mg/gdw), because in the first exponential phase, the glucose performs a catabolite repression on cellobiose that reflects on a decrease of the initial condition of cellobiose transport and utilization enzymes with respect to glucose enzymes.
With reference to model M 1 , Table 1 reports the estimated parameter values and Figure 2 shows the data fitting achieved for the second and the fourth experimental trials.
As it can be easily checked, the model structure does not allow to reproduce appropriately the entire time evolution of the bacterial concentration. Specifically, the diauxic lag is not well detected and the second phase of the growth is reproduced with an unsatisfactory approximation as well as the maximum bacterial concentration achieved. For these reasons, we have performed identification trials by using model M 2 . Table 2 shows the obtained parameter estimates and Figure 3 shows the data fitting relative to the same data sets as before. A quick comparison of Figures 2 and 3 , allows one to realize the consistent improvement obtained in the prediction of the diauxic growth process, which is confirmed by the residual values of the cost function at the minimum (see Table 4 ). At this stage, the need for better understanding of the biological meaning of parameters asks for a sensitivity analysis of the estimated model M 2 to each single parameter variation. The sensitivity coefficient for parameter ϑ i is defined as follows:
whereθ i is the parameter ϑ i estimate. Figure 4 shows the results of the sensitivity analysis for ∆ϑ i = 0.5|θ i |. It turns out that the model is scarcely sensitive to variations of parameters k 1 , k 2 and k m , while it is quite sensitive to the remaining parameters. This suggests to consider a more parsimonious model M 3 , where it is assumed that k 2 = k 1 = k m = 0. Actually, the results of further runs of the estimation procedure on the four data sets relative to the experiments executed, show that the quality of fit is still very good and the model simulation captures accurately the basic features of the diauxic growth process. Table  3 and Figure 5 report the numerical values of estimated parameters and the related fit of the real data, respectively. Table 3 . Estimated parameters for model M 3 at different initial conditions s 2 (0). 
DISCUSSION
By considering the set of estimated parameters in Table  2 and Figure all, from Table 2 , the value of rate bacterial mortality k m gives a negligible contribution to the model dynamics, at least on the time interval in which the process has Preprints of the 18th IFAC World Congress Milano (Italy) August 28 -September 2, 2011 been observed. This result matches the experience that the mortality of bacteria in the growth phase is not significant from a biological viewpoint. Moreover, the model parameter V g2 , for high initial concentration of cellobiose, is negligible, while it grows consistently when cellobiose initial concentration decreases. This result confirms that cellobiose has an inhibitory effect on bacterial growth, as conjectured in L. Zeng and Burne (2009) and McKessar and Hakenbeck (2007) . On the contrary, the parameter V g1 is higher in the presence of high concentrations of cellobiose and decreases at low concentrations. This variation suggests the presence of a repression phenomenon by cellobiose for glucose at lower concentrations. Finally, the parameter k 3 , included in rate reaction term of cellobiose decreases at lower concentrations of cellobiose and its contribution to the dynamics is much more important with respect to that of parameters k 1 and k 2 . Actually, from Figure 4 it turns out that the model M 2 is strongly sensitive to parameters V g2 and k 3 , which are present in the generalized Michaelis Menten rate function for cellobiose, while it's quite insensitive to parameters k 1 , k 2 and k m . This result shows that diauxic lag is seriously affected by cellobiose activity, which is another quantitative certificate of the biological interpretation of the growth process. From an overall evaluation of the results reported in Table 4 and structural complexity of models employed, it turns out that the best trade off is given by model M 3 . 
CONCLUSIONS
A nonlinear dynamic model for diauxic growth of Streptococcus pneumoniae in the presence of glucose and betaglucoside cellobiose has been proposed and analyzed in the light of real data obtained by a set of experiments carried out in a microbiology lab. By using a nonlinear parametric optimization procedure, parameters of the developed models have been estimated on the experimental data.
Simulations of the estimated model have been presented and the estimation results have been discussed to evaluate the quality of fit and sensitivity of the estimated model to parameter perturbations.The numerical results confirm the biological expectation that the cellobiose concentration plays a crucial role in determining the diauxic lag duration through the inhibition of the enzyme synthesis operon.
